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Introduction

O BTAINING a reasonable reduced model for a flexible
structure (a system with separated complex poles and

small damping) is an important task for an analyst as well as
a test engineer. This task has been satisfactorily solved for
analytical models of a flexible structure; however, the reduc-
tion of a model of a flexible structure obtained from test data
has not yet been considered. In this Note, two important
questions are solved that can help one to use resonance test
data in model reduction.

A reduced model is obtained by truncating part of the state
variables. The reduction indices determine which component
is deleted or retained in the reduced model. The indices are
obtained from the transfer function (in the form of resonance
test data), rather than from the system matrices.

Test data, besides system dynamics, also include actuator
and sensor dynamics. The reduced model obtained from these
data can be far from the optimal because it includes unwanted
actuator-sensor dynamics. In this Note, the reconstruction of
the flexible structure indices from the joint actuator-sensor-
flexible structure indices is discussed and illustrated.

Reduction Indices from Test Data
There are two indices used in model reduction: Hankel

singular values of Moore1'4 and component costs of Skel-
ton.3"6 The Hankel singular value 7,-, a simultaneous measure
of controllability and observability of the /th state coordinate,
is determined in the balanced coordinates. In this case the
reduced system is obtained by deleting the least controllable
and observable states.

Component cost a/ is a norm of the /th component. For
uncoupled coordinates, the norm of the output is a sum of
norms of each component. This approach has proved to be
quite successful when modal coordinates, which are almost
always uncoupled, are used.
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It is well known that flexible structures with small damping
and separated poles have controllability and observability
grammians that are diagonally dominant1 [fFc
Wo«diag(fro/)], where, from Ref. 3,

Wci =/2(| \b, | \b,\ (1)

and YJ is the norm of the output at /th natural frequency (see
the Appendix). For these structures, the balanced grammians
are obtained simply as Wcb = WQb = (WcW^l/i = diag(FFw), and
from Eq. (1) one obtains Wbi =I2Yf/2 = I2Y2. This shows that
for flexible structures the square of the ith.Hankel singular
value is equal to one-half of the norm of the output at the i th
resonance:

7/=0.5r, (2)

Figure 1 shows the determination of 72 from the resonance test
data for a single-input/single-output system:

The cost of the /th modal coordinate is determined from
Ref. 4:

(3)

where A; is given in the Appendix. Denoting the half power
frequency7 A/ = 2f/co/ (see Fig. 1), one can rewrite Eq. (3) as

(4)

Unlike Hankel singular values, the cost consists of a product
of the resonance amplitude and the resonance width.

As an example, the flexible structure in Fig. 2 with 42 state
variables, single input and single output, is considered. Sen-
sors and actuators are placed so that all Hankel singular values
are equal (7, = 1, / = !,..., 42); i.e., all states are equally con-
trolled and observed. The plots of Hankel singular values are
given in Fig. 3. The analytical Hankel singular values (solid
line) and those obtained from the transfer function (dotted
line) are nearly the same, especially for nr < 16.
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Fig. 1 Hankel singular value and component cost from resonance
test.
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Fig. 2 Flexible structure.
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Fig. 3 Hankel singular values: analytical and from the resonance
test.

Effect of Actuator Dynamics on the Reduction Indices
The case of combined actuator-sensor-flexible structure dy-

namics and sensor-flexible structure dynamics can be consid-
ered a special case of the actuator-flexible structure dynamics
problem; therefore, only the latter is considered in this Note.
The system considered is a cascade connection of actuators
and a structure. Its transfer function H is as follows: H =
Hfta, where Hs and Ha are transfer functions of the structure
and actuators, respectively. Define

(5)

(the Froebenius norm is used); then, from the preceding defi-
nition,

(6)

The value of cos* determines the collinearity of Ha and Hs. If
the aqtuator transfer function is almost collinear with the
structure transfer function, then cos*«l. Note that reason-
able actuators have cos*«1, since orthogonal Ha and Hs
result in H = 0. Since 11Hs(o>/) 1 1 = Ysi = 2%- and
| \H(o)i)\ | = r/ = 27,-, then from Eq. (6) it follows that

7s/ = 1 |cos*/ (7)

and ft/. = ft(o>/), cos*/ = cos*^/), with «/ the /th resonance
frequency. The Hankel singular values of the structure are
obtained from the Hankel singular values of the structure with
actuators by scaling the latter by the amplitude of actuators
output at the /th resonance frequency and collinearity measure
of ft and ft.

Next, assuming that | |ft(o>)| | has no abrupt changes in the
neighborhood of the structure's natural frequencies, we have
A, « A5/; therefore, the component cost is similarly scaled as
the Hankel singular values:

asi = (8)

Both Eqs. (7) and (8) show that all Hankel singular values
and costs of structure alone are obtained by individual scaling
of each related Hankel singular values and cost of the struc-
ture-actuator system. If cos*/ is constant for i = 1,..., n, then
the squares of Hankel singular values and the costs are scaled
by the inverse of the actuator gain.

The determination of cos* from Eq. (5) using test data is
difficult, if not impossible, since Hs is not known explicitly
during testing. However, cos*/ can be determined in a differ-
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Fig. 4 Transfer functions of the truss (dotted line), the actuator
(dashed line), and the truss-actuator cascade connection (solid line).
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Fig. 5 Hankel singular values of the truss (solid line), the trust-actu-
ator cascade connection (dotted line), and the reconstructed Hankel
singular values of the truss (dashed line).

ent way, using an expression for Hs from the Appendix.
Introducing Eq. (A3) into Eq. (5), one obtains

cos*/ = | |cA/ft/l |/(l kA/l I I Ift/l I) (9)

Here, only the actuators transfer function and actuator-sensor
locations are involved. For a single-input system, cos*/ =
I \cjlai I l /(l ks/11 I Ift/11), and for a single-input/single-put-
put system, cos*/ = 1.

As an example, the truss from the preceding section is
considered. An actuator with the transfer function ft = 10/
(s + 2000) is applied. Transfer functions of actuator and truss
in a series connection are plotted solid line, in Fig. 4, of
truss—dotted line and of actuator-—dashed line. The Hankel
singular values of the truss are all equal to 1 (see Fig. 5, solid
line), whereas Hankel singular values of the truss and actuator
connection are plotted in this figure by a dotted line. The
reconstructed truss Hankel singular values from truss plus
actuators Hankel singular values are represented by the
dashed line (it overlaps most of the solid line) and indicate the
good reconstruction results.
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Conclusions
In this Note, methods for the determination of reduction

indices from the resonance test data of a flexible structure are
presented. If the actuators are in a cascade connection with a
flexible structure, the reduction indices of the structure are
reconstructed from the indices of the actuator-structure joint
dynamics.
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Appendix
For a flexible structure in modal coordinates A = diag(/l/),

BT = [B?,..., B?], C = [Q,..., Cn], and

(Al)

where co/, f/ are modal frequency and damping, respectively; bf
is the row vector of actuator locations; and cdi, cri are column
vectors of displacement and rate sensors locations, respec-
tively. For the transfer function H = C(juI-A)~lB one ob-
tains from Eq. (Al)

(A2)

Since for co = co/ one has \ \Hk \ |«| |/f/11, for / & k, therefore,
one has H(a>/)^///(oj/). Next, from Eq. (Al), after some alge-
bra one finds that

(A3)

where a/ = l/(2'f/«/), c/ = Wri-jCtf. Define cos¥ = | |c/6/| \/
(\\ci\\ 1 1 ^ / 1 1 ) > which is a measure of collinearity of c/ and ft/;
then the norm of ///, denoted Y/, is the norm of the output at
frequency co = w/:

cos*/ (A4)

Note that for orthogonal c/ and ft/ one obtains ///(co/) = 0;
also, cos*/ = 1 for a single-input as well as for a single-output
system and for collocated sensors and actuators.
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I. Introduction

T HE Kalman filter by Hoelzer et al.1'2 for planar tracking
of a nonmaneuvering target appears to be superior to

previous approaches because of its use of modified polar
coordinates (MFC), which reduce the problems with observ-
ability, range bias, and covariance ill-conditioning that are
encountered with Cartesian coordinates.

Here, the MFC filter is extended to three dimensions by the
use of modified spherical coordinates (MSC).3 In the MSC
filter, the six state variables are two angles, their derivatives,
inverse range, and range rate over range, which are trans-
formable into Cartesian position and velocity.

This MSC filter differs from that of Ref. 4, which has five
state variables, angle plus range measurements, and is appar-
ently restricted to a surface target.
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Fig. 1 Basic coordinates for MSC filter.
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